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Correlation-Function Method for the Transport Coefficients of Dense Gases. 
I. First Density Correction to the Shear Viscosity* 
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Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received 28 July 1964) 

The first density correction to the shear viscosity of the classical gas is calculated using the autocorrelation 
function expression. The technique employed is that due to Zwanzig suitably generalized to include dynami
cal fluxes containing particle coordinates. If we restrict ourselves to repulsive forces, our result is in complete 
agreement with that of Choh and Uhlenbeck obtained with the use of Bogolyubov's theory. 

I. INTRODUCTION 

THE statistical-mechanical treatment of irreversible 
processes can be carried out either in terms of 

time-dependent distribution functions which are the 
solutions of transport equations, or in terms of frequency 
and wave vector-dependent correlation functions which 
involve averages over the equilibrium distribution func
tions. These two approaches must yield the same results. 
In order to obtain expressions for the phenomenological 
transport coefficients (diffusion constant, viscosity 
coefficient, thermal conductivity, etc.), however, a num
ber of physical correspondences and approximations 
must be introduced. Since these steps differ depending 
on which approach is used, there has been some question 
as to whether the expressions for the transport coeffi
cients obtained from the transport equation are iden
tical to the expressions obtained from the correlation 
functions. 

The first step in the transport equation approach is to 
develop an equation for the time-dependent singlet 
distribution, the generalized Boltzmann equation, which 
involves an expansion in powers of the density.1,2 This 
step involves assumptions concerning the initial corre
lations in the system. The next step is to introduce a 
Chapman-Enskog expansion2 for the distribution func
tion and to associate the coefficients in this expansion 
with the transport coefficients. In this step, it is assumed 
that the system is close to equilibrium. Thus, one arrives 
at density expansions for the transport coefficients. 

In the correlation function approach these steps are 
inverted. The transport coefficients are associated with 
low-frequency and long-wavelength limits of the corre
lation functions.3 These expressions are valid for any 
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density but involve the dynamics of the iV-body system 
in an intractable fashion. In order to arrive at tractable 
expressions, density expansions are introduced and 
again one arrives at density expansions for the transport 
coefficients. 

So far it has been established that, in the lowest order 
in the density, the transport coefficients obtained from 
the Boltzmann equation and from the correlation func
tion expressions are the same3-4; not much has been 
done to generalize these results to higher order in the 
density.5-6 It is the aim of this paper to develop a 
method which enables one to obtain density expansions 
of the correlation function expressions for the transport 
coefficients. We present an explicit expression for the 
first density correction to the shear viscosity and 
demonstrate that it is identical to that obtained by 
Choh and Uhlenbeck2 from the transport equation. 

We calculate the first density correction to the shear 
viscosity of a classical gas from the correlation function 
expression, employing and generalizing the technique 
discovered recently by Zwanzig.6 Introduction of a 
convergence factor e~et(e>0) into the correlation func
tion expression leads to an expression for the viscosity 
in terms of the resolvent operator of the AT-particle 
system. A binary collision expansion of the resolvent 
operator gives a density series for the correlation func
tion expression, which involves singularities at e=zero. 
However, inversion of this expansion gives a unique 
well defined density expansion for the viscosity; the 
lowest order term of this expansion agrees with the 
result of Chapman and Enskog.7 For systems with 
repulsive intermolecular forces of finite range, the first 
density correction to the viscosity is compared with the 
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result of Choh and Uhlenbeck2 obtained from Bogolyu-
bov's generalized Boltzmann equation,1 and complete 
agreement is obtained.8 

In the next section the correlation function expression 
for the shear viscosity is re-expressed in terms of the 
resolvent operator and the Fourier transform of the 
configurational distribution functions of the equilibrium 
ensemble. Some useful formulas related to the binary 
collision expansion of the resolvent operator are estab
lished. In Sees. I l l , IV, and V detailed calculations of 
the viscosity coefficient are presented. Zwanzig's method 
is generalized to include dynamical fluxes which contain 
coordinates. The result for the first density correction 
to the shear viscosity is given in Sec. VI and comparison 
with the theory of Choh and Uhlenbeck is carried out 
in Sec. VII. 

II. CORRELATION FUNCTION EXPRESSION 
FOR VISCOSITY 

In this section, as a preliminary to the calculation, 
following Zwanzig,6 we shall rewrite the correlation 
function expression for the viscosity in terms of the 
resolvent operator and the Fourier transform of the 
equilibrium configurational distribution function. 

We consider a classical fluid at temperature T con
sisting of N identical molecules of mass m contained in 
the volume V. The well-known correlation function 
expression3 for the shear viscosity in the low-frequency 
and long-wavelength limit is written as 

rj= lim lim r)(e), (2.1) 
6 - > 0 + N,V-+«> 

((N/V) =constant) 

where 

H(€)s f dUT'KHQ)). (2.2) 
VKTJo 

K is the Boltzmann constant and the angular bracket 
means an average over the equilibrium ensemble. Here 
/ denotes the dynamical flux for the shear viscosity 
defined as 

I=IK+IU, (2.3) 
with 

iK^ixiVi), (2.4) 

x(v)=P*Py/m, (2.5) 

Iv=T.KUi), (2.6) 

4,(r) = -r*[du(x)/dry~], (2.7) 

where pix is the x component of the momentum of the 
ith. molecule, r^ is the relative position vector between 
the ith and yth particles, given by r ^ = r,— ry, and u(t) 

8 The same conclusion has been obtained by Cohen apparently 
by a different method. See Ref. 5(c). Since details of his work are 
not yet available, we shall not discuss his theory in this paper. 

is the two-body potential of interaction which is as
sumed to be spherically symmetric. We have assumed 
that the potential of the iV-body system can be written 
as a sum of pair potentials. 

In order to describe the temporal development of the 
system, we introduce the self-adjoint Liouville operator 
Lby 

L=Lo+L', (2.8) 

where Lo describes the free motion of the particles and 
is given by 

L0= -i(l/m)pN- (d/drN) (2.9) 

and V contains the effect of interaction and is given by 

£ '=* E eiJf (2.10) 

du{xi3) ( d d \ 
e^ ) . (2.ii) 

dtij \d$i dp3/ 

In (2.9) we have used the 3iV-dimensional vector nota
tion. The quantity 1(f) can be expressed in terms of the 
Liouville operator in the form I(t) = eiLtI. 

For later convenience we rewrite (2.2) by making use 
of the time reversal invariance of the autocorrelation 
function as 

, («) = f dte-HfI{-t)) 
VKTJo 

1 r°° 
= - / dte-'Kle-^I) 

VKTJo 

= {VK2Y1{IG{e)I), (2.12) 
where 

G(e)=(e+tl,)-1 (2.13) 

is the resolvent operator.9 Explicitly, (2.12) is given by 

V(e)= (VKT)-ij fdT»dr>»IG(e)Ip(TX) ft <p(Pj) , (2.14) 

where <p(p) is the normalized Maxwell distribution 
<p(p)= (2iwiKT)-w exp(-p2/2mKT) and p(rN) is the 
normalized configurational distribution function defined 
by 

p(iN) = exp£-U(i»)/Kr\/ 

drNzxp[-U(tN)/KT~], (2.15) 

where U(rN) is the total potential energy. We have 
placed the equilibrium distribution function to the right 
of the resolvent operator since it is more convenient 

9 The resolvent operator denned in (2.13) is different from that 
of Zwanzig (Ref. 6) since we are considering {II{—t)). This 
facilitates comparison with the results obtained from the gener
alized Boltzmann equation. 
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when comparison is made with the generalized Boltz- the same pair. We now define the resolvent operator for 
mann equation treatment. This is permissible since a system in which interaction exists only between the 

particles of pair a by 

L[fi{tN) I I * ( f r ) ] = 0. G2(a)= (e+iL2(a))-i, (2.23) 
where 

L2{a) = U+ida. (2.24) 

N 

n 
y=i 

The Fourier transform of p(r iV), P ( k ^ ) , is denned by 
r The binary collision expansion of G^a) then yields 

P(k») = J **«*""*p(r»). (2.16) G2(«) = G„-G„7V;„. (2.25) 

Substitution of (2.25) in (2.22) and (2.22') gives 

T^-evG^Go-1 (2.26) 

^) = V N ^ - — P ^ ) . (2.16a) a n d ^ T.—G.-G.W., (2.260 

respectively. 
Substitution of (2.16a) into (2.14) yields Before leaving this section, it is useful for what 

follows to mention some properties of the binary colli
d e ) = ( F J O O - 1 ^ £ P*(k*) sion operator Ta. Zwanzig6 has already noted the 

Inversion of (2.16) gives 

1 

*N 

# 

following properties: (1) Ta is proportional to 1/V as 
s/ / / JnNjrNTr( \T,ikf.,N r r (J, \ /-? 17^ V-^^;(2) Ta(010) is simply related to the Boltzmann 

j j ( ) J J i ( ^ ( collision operator.12 

In order to investigate another relevant property of 

where we have used the fact that p ( r* ) is real. When T*> w e first n o t e f r o m <2 '24) t h a t 

(2.3) is substituted into (2.12), 77(e) splits into four Go"1 = G2~1(pi)+da. (2.27) 
terms, 

If we substitute (2.27) into (2.26), we obtain for a = (1,2) 
y(e) = i)KK(e)+VKu(e)+r]UK(€)+r)uu(e), (2.18) 

w h e r e Ti*= - 0u [ l+Gi (12 )0 1 2 ] 

VLM(e)=(VKT)~\ILG(e)IM), L, M^K or U. (2.19) =-oJl+ [" dUr«<r«I*™0n\. (2.28) 

In the following sections, we shall consider these four ° 

terms separately. . , , F ° r a repulsive intermolecular force of a finite range, 
We now present some properties of the resolvent t h e i n t e g r a n d i n ( 2 . 2 8 ) is seen to vanish for times 

operator which will be used frequently. The binary g r e a t e r t h a n t h e d u r a t i o n o f c o i i i s i o n S j a n d the integral 
collision expansion formula for the resolvent oper- c o nverges. Thus T12 is finite as e - ^ 0 for this case. 
ator is6-10-11 5 

G = G 0 - L GQTaGo+ £ ' GoTaGoTpGo- • • • , (2.20) HL CALCULATION OF nKK 

The quantity T}KK(^) has been considered by Zwan-
where Go is the resolvent operator for noninteracting zig,13 but we shall treat it here in a somewhat different 
particles defined by manner by using the particle exchange operator. Since 

IK does not contain r^, Eq. (2.17) for rjKK(e) becomes 
Go={€+iLo)~1; (2.21) 

VKK(e) = (VKT)~1 y\ P*(k^) 
Ta is the binary collision operator of the pair a (Greek k^ 
indices a, /?, • • • denote particle pairs), defined as the 

solution of the equation x L p W ( 0 | k % n *(*), (3.1) 

Ta=-da+daG0Ta . (2.22) J *-* 

= —0«+ TaGo9a; (2.22') where we define the Fourier transform of any operator 0 

and the summations in (2.20) are over all possible pairs ^ 
with the restriction that consecutive T's do not refer to 0(kN\k'N) = V~N 1 dxNe~ikN'TNOeik,N*lN. (3 2) 

10 A. J. F. Siegert and E. Teramoto, Phys. Rev. 110, 1232 
(1958). 12For the notation, see Eq. (3.2). In this connection see also 

11 We frequently write G instead of G(e) for the resolvent opera- Eq. (3.25). 
tor. The operator Ta also depends on e. 13 R. Zwanzig (private communication). 
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The operator 0(kN \ k'N) operates on the momenta only, where 
Since the particles are identical, we can write (3.1) as =7-1(N—l)(N—2)T fOlk^) (kN) 1 

n«W=(JC2T1pZP*(k*)/'*»x(ih)C(0|k*) Q*°(.N-i)<.N-2)T»(0\V)g<WrJ' (3-12) 

k" J e . s ( ^ - l ) ( ^ - 2 ) r M ( 0 | k ^ ( k * ) ( P u , (3.13) 

X [ l + ( ^ - l ) < P u ] x ( p O n f(Pi), (3-3) Q^2-^N-l)(N-2)(N-3)Tu(0\^)g(k^(Pn. (3.14) 

We now show that Qh Q2, Qz and Q4 give no contribution 
where we have introduced the particle exchange opera- to tiKK

l(e). The Qy term involves an integral of the form 
tor (P12 which is defined by 

<Pi2Pi=P2, (Pi2P2=Pi, <Pi2p;=P;, / /<Wp3r2 3(0|kw)--- (3.15) 
i = 3 , 4 , . . - , ^ (3.4) o r 

and p=N/V denotes the number density. In (3.3), and / / /"// / / / / « . . . ^ 1M 
in the following, we stipulate that the particle exchange J J J Z * * 
operators do not act on the momenta in the Maxwell 
distribution. This vanishes because of the form of 6a given by (2.11) 

The next step is to utilize the binary collision ex- and the fact that the Maxwell distributions vanish 
pansion (2.20) for G(0\kN). Thus we have strongly as the momenta tend to ±oo. The Q$ and Q4 

rm\W-<r-UA(hN\ v T m\h^a(hN\ t e r m s v a n i s h f o r t h e s a m e r e a s o n - T h e o n ly dependence 
G(U|K )~e {A(K ) - ^ 1 a(U|K )g{K ) Qn p2 of t h e Q j t e r m i n v o l v e s x(p2)^(pa). The integral 

+ E ' E P«(0|k'*)g(k'*) /• 
«,0 k'* J X(p2)(p(p2)dp2 (3.17) 

X ^ ( k ^ | k ^ ( k ^ ) + 6 G ^ ( 0 | k ^ ) } , (3.5) 
vanishes because of symmetry. Thus we are left with the 

where A(k^) is the 32V-dimensional Kronecker delta fust term of (3.11), which becomes, after integrating 
defined by over p3, • • • pN, 

A(k*)={ . (3.6) VKKKe) = p(KT)-iZPHK-V[ fdVidV2X(Vl) 
10 otherwise k J J 

and we have used the fact that X { — e-1 (N— 1) Tu (01 k, — k) 

Go(k-|k-) = g (k- )A(k- -k ' - ) , (3.7) Xg(k )-k)(l+(P1 2)x(p1)}^(/»1)^W. (3.18) 
with 

g(kN)^(e+ipN'kN/m)-1. (3.8) The quantity P*(k, — k) can be expressed in terms of 
The symbol G'(0|k*) is defined by Eq. (3.5). It con- t h e P a i r ^relation function P(r12) as 
tains the terms in the binary collision expansion of P*(k, — k) = A(k)4-F_1/(2)*(k), (3.19) 
G(01 kN) which have not been written explicitly in (3.5). where 

Corresponding to the four different terms of (3.5), we f 
split rjKK(e) into four parts fm(k) = / dr12e

ik'™F(r12) 

VKK(e) = rjKK°(e)+rjKK1^)+VKK2(e)+VKKr(e). (3.9) and (3.20) 

We then immediately find, noting that P(0) = 1, that P(ri2) = V2 I p(rN)drN~2— 1. 

^ o ( € ) = _ J dvix(Vi)2<p(pi)<rl- (3.10) I n t h e low-density limit, F(r u ) reduces to the Ursell-
Mayer function Po(ri2) defined by 

By considering the identity of particles, we easily find P0(ri2) = e x p [ - w ( r i 2 ) / i m - 1 . (3.21) 
that 

/

To the order in density that we are considering, it is 

djFxfai)*-1 sufficient to use Po(r) instead of P(r). 
Thus we finally obtain for TJKK1 (e) 

X { - (N- l)Tlt(p | k*)g(k*)(l+(P12) 
P 

-Qi-Q2-Q*-Q*}xtodlI<p(P<), (3.H) " " w KT. 
w -pe-1/i(Pi)]x(Pi)^(^i), (3.22) 

£ / . N „ ^ W ( e ) = — ^Pix(Pi)C-pe-2£(Pl) 
""* J 
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where 

and14 

, ) . / £(Pi)^ / ^p2Fr1 2(0|0)(l+(P1 2)^2) (3.23) 

h(pi)^Jdp2(01 VT12GQFQ(r12) |0)(l+(Pi2)<p(p2). (3.24) 

The operators £(pi) and /i(pi) can be shown to have a 
well defined limit as N, V —»°o with N/V fixed.6 

One can show, in the same manner as Zwanzig,6 that 
<£(pi) is identical to the linearized Boltzmann collision 
operator in the limit as e —•> 0 + . That is, for any func
tion /(pi), using the impact parameter b and the 
cylindrical angle \p, we have 

-lim£(p1)J(p1)cp(p1) 
6-MH-

/

/•27T / •* 

dp2 / # / 

P1-P2 
bdb [/(Pi*)+/(p2*) 

m 

-J(Pi)-J(V2)l<p(pi)<p(p2), (3.25) 

where the p** are the momenta before the collision and 
the pt- are the momenta after the collision. The operator 
^i(pi) can be thought of as a correction to <£(pi) due to 
particle correlations in the equilibrium ensemble. 

In obtaining this result for 7}KKl(e), as well as in the 
following, we have suppressed the terms of higher order 
in p or e~x which do not contribute to the first density 
correction to the viscosity. 

By a similar analysis we obtain for T]KK2(^), 

VKK2(e) = p(KT)-ijdplX(Vi) 

X[p26-3/21(p1)+p26-2/22(p1)]X(pi)^(i>i), (3.26) 
where 

felS3 f fdp2dpdVT12(0\0)ZVTu(0\0)+VT2Z(0\0)2 

X ( l + C P u + f t s ) ^ ) ^ ) , (3.27) 

h*= / Up2dpzVT12(0\0) 

X (01 ZVTlzGoFQ(rld)+VT2ZG0Fo(r2Z)l | 0) 

X (l+<?u+(P2z)<p(pi)<p(pz) • (3.28) 

Here, t2\ and /22 are well defined as N, V —»°o, N/V 
fixed. Again t22 is the correction to /2i due to spatial 
correlation in the equilibrium ensemble. 

Next we consider r)KKr(e). We group the terms con
tributing to rjKKr(e) into a part which involves three 
particles and a part involving more than three particles. 
The latter part has a factor p4 as N, V—>°o. Higher 

order terms in e-1 also occur in this part but we shall 
assume that these terms produce no difficulty. Under 
these circumstances the part involving more than three 
particles will give no contribution to the first density 
correction to the viscosity and will be neglected. Re
stricting our considerations to the terms involving three 
particles, we obtain 

rjKKr(e) = MPix(pi) 
KTJ 

XC-p26-2r(Pl)]x(Pi)^(^i), (3.29) 
where 

tr(p. i)=- f f dp2dpzV*(0\r(123)\0) 

X(l+(?i2+(?n)<p(p2)<p(p3) (3.30) 
and 

T ( 1 2 3 ) S £ ' TaGoTpGQT7 
a,0,7 

— Xj TaGoTpGoTyG<)T8-{- • • •, (3.31) 
a,0,7,5 

where the summations are over all possible pairs of 
particles 1,2, and 3. A correction to /r(pi) due to spatial 
correlation in the equilibrium ensemble gives a contri
bution of order p3e° to rjKKr(e). This correction is 
omitted here because it does not contribute to the first 
density correction to the viscosity. 

Collecting together (3.10), (3.22), (3.26), and (3.29) 
we finally obtain as N, V ~^oo, 

VKK(e) = j - jdplX(Pl)<3(e)x(pi)<p(Pi)+0(p*), (3.32) 

where 

g(€)= = 6-i_p[€-2 J B + €-i / l] 

+P2(e-3/2i+€-2/22- e~Hr). (3.33) 

In this form, we cannot take the limit e—»0+. How
ever, as in the case of the self-diffusion coefficient,6 if we 
make a density expansion of 8-1(€) f° r finite e, the 
resulting series has a well-defined limit as e —> 0 + . 

Expansion of ^~l(e) m a power series in p for a fixed 
finite e yields 

Q-1 (e) = e+p£+p2[-12 2+ (£h+h£) 

+r+€-1(£2-^2i)]+€(p/i+p2 /1
2)+. . . . (3.34) 

In the limit as e —> 0+,15 

S-rWlimg-Ke) 
€->0+ 

= ]impl£+p(t1£+tr+Ri+R2)l, (3.35) 
e->0+ 

14 We sometimes write (kN\0\k'N) instead of 0(kN\k'N). 
15 We attach the subscript + to the symbols of those operators 

for which the limit e —* 0 + is already taken. 
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where and thus (3.42) becomes 
i ^ e - i ( £ 2 - / 2 1 ) (3.36) 

a n ( l £ + W M ( 1 ) (^i)x (Pi) <P (pi) 

R2^ &!- h% • (3.37) = - *i+X (Pi) <P (Pi) ~ KrW®> (pi)x (Pi) <P (Pi) • (3.44) 

With this result and (3.32), we have The equations determining Wi0) and WKK(1) are thus 
well defined in the limit as e —•» 0 + . 

VKK^ limrjKKW Using these results, we obtain the following density 
expansion for TJKK 

— I dptx(pd*WKK(fid<p(pd, (3.38) T ^ K ^ + P W ^ , (3.45) 
K T J 

on PTKJS:(^I) satisfies the equation 

p - 1 S - f - 1 [ ^ ^ ( ^ i ) x ( P i ) ^ ^ i ) ] = x ( P i ) ^ ( ^ i ) . (3.39) 

where the function WKK(PI) satisfies the equation 1 C 
V°>=— dpfxffiOW^ip^ipO (3.46) 

KT J 

Substitution of the expansion * r 

WKK(PI)==WM(P1)+PWKKU(PI)+- • (3.40) VKK^-— J dplX(pi)WKK^(pi)^pi)^ (3.47) 

into Eq. (3.39), use of (3.35) and collecting coefficients 
of powers of p yields the equations Equation (3.46) is the Enskog-Chapman result. Equa

tion (3.47) represents the first density correction to the 
£+WW(pi)x(Vi)<p(pi) = x(Vi)<p(pi), (3.41) Enskog-Chapman result due to the kinetic parts of the 

£+WKKU(PI)X(VI)<P(PI) dynamical fluxes. 

- " ^ ^ ^ ^ ^ ^ ^ 9 (3A2) IV. CALCULATION OF , „ 

, ,^ J4N . , . . , r . Using the Fourier transform of ^ ( r ) , (2.7), 
where we have used (3.41) in obtaining the first term m 
(3.42). Equation (3.41) determines TF(0)(^i), and Eq. r 
(3.42) determines WKK

a)(pi)- We demonstrate in \P(k)= Hs(r)eik'Tdt. (4.1) 
Appendix I that 

(^i+ JR2)l^ (0 )(^i)x(pi)^(^i) = 0 (3.43) 7jKu(e) can be expressed from (2.17) and (2.19) as 

^ ( ^ ( F ^ - T ^ E ^ M ^ E ^ q ) f Id^dx^T.iY.i<ix{^)G{e)e-^^N^N fi <P(Pm)> (4.2) 

k^ q J J m=l 

By making use of the identity of particles, we can express (4.2) as 

N-l r 
VKu(e) = P(KT)-i £ P*(k*) E *(q) / <ZpMPi)[G(0|kr-q, k2+q, F i 

+i(^-2)G(0|k!, k 2 -q ,k 3 +q ,kM] fi *(fr>), (4.3) 
»i=i 

where we have used (3.2). The binary collision expansion of G, (2.20) and (3.5) yields a series for rjKu(e) similar to 
(3.9) for rjKK(e), in the form 

VKu(e) = VKU0(e)+rjKU
1(e)+r}KU2(e)-\ . (4.4) 

The first term is given by 

N r 
W M ^ V T O - i E P ^ q , - q ) ^ ( q ) - U P i x ( p i ) ^ i ) = 0. (4.5) 

q 2 J 

Equation (4.5) vanishes since the integration over pi vanishes. In the following, we shall omit terms of relative 
order iV_1. 

In obtaining an expression for rjKU
l(e)7 we note that Ta must involve particle 1, since otherwise the term involves 
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J*\(Vi) <p(pi)d$i which vanishes. Thus, 

VKVH*)=-f-WJST)-1 £ ' Hi)Z fdv"x(vi){P*(K -koru(o| kx-q, q-k, o) 
q kij 

X g f o - q , q-k 1 ; 0)+(tf-2)P*(ki, - q , q -k i ) r i , (0 |k i -q , 0, q_k0f (ki-q, 0, q -k i ) 

+ 2 - i ( ^ - 2 ) P * ( k 1 , q -k i , - q ) r u ( 0 | k i , - k 1 ; 0)g(k1; - k i , 0) 
+2-1(^-2)P*(k1 , q, - q - k O r « ( 0 | k i , 0, -ki)g(ki,0, -k , )} ft *(#<), (4.6) 

where the summation over q excludes q=0 because J*\p (t)dr= 0 by symmetry. In (4.6) we have dropped the terms 
which involve four particles since these terms have a factor TV (N— 1) (N— 2) (iV—3) and are of the order of p4; later 
we shall find that we need at most terms of order p3 for the first density correction to the viscosity. More detailed 
investigation shows that the only nonvanishing term involving four particles has a factor e-1p4-

If we use (3.19) and the formula,6 

P(M 2 , k , ) = A(kOA(k 2 )A(kg)+7^ 
+A(k3+k1)A(k2)/(2)(k1)]+F-2A(k1+k2+k3)/^(k2,k3), (4.7) 

where 

/» (k 2 , k , ) s J Idr2drze
ik*-<^ik™*F(r12,rn) (4.8) 

with F(ri2,ri3) the cluster function of three particles which is defined by 

F(ti2,tu)=V*f~ • fdxv • • ^ P ( r ^ ) - P ( r 1 2 ) - F ( r 2 3 ) - F ( r 3 1 ) - 1 . 

Equation (4.6) reduces to 

W ( * ) = - r V ( J S T ) - 1 E Hd)jjdpidp2X(Vi){T12(0\ - q , q)g(-q, q) 

+ F - i £ /(2)*(k)r12(0|k-q, q-k)g(k-q , q - k ) } ^ O ^ O - ^ p * ( J C r ) " 1 E \Kq)/(2)*(q) 
k q 

x /" /" f^pi^2^3x(Pi){r13(o|o)+2-lr12(o|o)+2^r13(o|o)} n *>(^)+o(«ry). (4.9) 

The term of order €~2p3 vanishes since Eq ^(q)/(2)*(q) = 0 by symmetry. The result can be written in a more concise 
manner in the low-density limit where we replace F(rn) by an Ursell-Mayer function, (3.21). In this case (4.9) 
becomes 

W f c H - e - 1 — / fdp1dp2x(Pi)(0\VT12G0exp{-u(r12)/KT}Hr12)\0)<p(p1)<p(p2) (4.10) 
KTJ J 

A similar but more lengthy analysis yields for r]Ku2(e) (see Appendix II), 

VKu2=e~y f f / x ( P i ) F r 1 3 ( 0 | 0 ) ( l + ( P ^ (4.11) 
KTJ J J »-i 

If we now extend the meaning of the operator <£ defined in (3.23) in such a way that for any operator /(pi) acting 
on a function of pi we define 

£(pi)/(pi)^^i) = y# 2Fr 1 2(0 |0)[ / (p 1)+/(p 2)]^(^i)^(^2) , (4.12) 

then we may rewrite (4.11) as 

W ( e ) = e-2— [ [x(Pi)£(Vi)(0\VT1&o&v{-u(i12W^ (4.13) 
KTJ J 
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Thus, adding together (4.5), (4.10), and (4.13), we find 

riKu(e) = - — f idVldp2x(pi){€-1-e~2p£(p1)} (0| VT12G0 exp{-u(t12)/KT}f(r12) \ 0)<p(p1)<p(p2). (4.14) 
KTJ J 

As in Sec. I l l , the operator in the curly bracket in (4.14) is singular at e—» 0 + , but its inverse has a well-defined 
limit as e —> 0 + ; that is, 

{e^-e-^pJBj-^e+pJBH > p£+ a s ' e - > 0 + . (4.15) 

Therefore, we finally obtain, 

r}Ku= / dpvc(Pi)2WKu(pi)<p(pi), (4.16) 
KTJ 

where the function WKU(PI) satisfied the equation, 

£+(Vi)WKu(pi)x(pi)<p(pi)-~ fdp2(0\VT12Goexp{-u(T12^ (4.17) 

V. CALCULATION OF YIUK AND nuu 

The simplest way of obtaining rjUK is to utilize the fact that for classical systems TJUK is equal to rjKu, which can 
be proved by making use of the properties of the dynamical flux and the Hamiltonian under time-reversal. How
ever, to obtain an expression for TJUK which is more convenient in comparing with the result of the generalized 
Boltzmann equation, we shall calculate TJUK directly from its definition (2.19). 

More explicitly, we can express rjuK(e) as 

r)uK(e) = p>(KT)-> £ £ P*(k*)*(<l) [ dj>"G(q, - q | k*) ( l + - ^ ( P 1 3 V ( P l ) f[ yfa), (5.1) 
q *N J \ 2 / i=l 

where we have used (4.1) and (3.2). As in the preceding sections, use of the binary collision expansion formula for 
G, (2.20), yields a series expansion for rjuK(e) in the form 

rjUK(e) = r}uK0(€)+7]uK1(e)+rjUK
2(e)-\ . (5.2) 

The first term is given by 

VuK°(*) = f?(KT)-i £ / p * ( q j -q)^q)j jdp1dp2g(q} -q)X(pi)<P(*i)*(fr). (5.3) 

This is finite at € = 0 + , and is omitted here since it is of order p2. The second term is 

W W = V ( J C i r i r E i ' * ( k ^ ( q ) [dp»g(q, -q)(q, -q|{r„(l+i(tf-2)<P„) 
q kf J 

+ (N-2)(Tu+TnXl+2rVPu)} |k")g(k»)x(Pi) fi <p(Pd- (5-4) 
t = l 

The only terms in (5.4) which contribute to the first density correction are those with a factor e_1 for which we 
must have 1*^=0. Therefore, only the term involving T i 2 contributes and we obtain, noting that J*dpx(p)<p(p) = 0, 

WK1(6) = - e - V ( i r r ) - i E , ^ ( q ) / * (q , - q ) r i 2 ( q , -d\0)x(Pi)<p(pi)<p(p2)dp1dp2+O(eV)- (5.5) 
q J 

A similar but more involved analysis gives for rjuK2(e) (see Appendix I I I ) , 

WW^-y^r)-1^^^ <5-6) 

where we have used (3.23). 



F I R S T D E N S I T Y C O R R E C T I O N TO S H E A R V I S C O S I T Y A1527 

Adding (5.3), (5.5), and (5.6) together, we find 

VUK(e)=-?(KT)-i £ ' iKq) f g(q, -q)r1 2(q, - q | 0){e-1-e-'p£(p1)}x(Vi)<p(pi)<p(p2)dp1dV2. (5.7) 

The operator in the curly bracket is the same as that in (4.14). We again take its inverse, consider the limit as 
e —•> 0+ and make use of (3.41) to obtain in the limit e —> 0+ 

VuK=-p(KT)-iY*<!tifg(<h -Q)ZV(q, -(i\0)W^(p1)x(Vi)<p(pi)<p(p2)dp1dp2. (5.8) 

We now turn to rjuu, which can be written as 

Vuu(e) = 2-y(KT)-W(+(*n)G £ *(!*,)>. (5.9) 
3<l 

If we use (2.17), (3.2), and the Fourier transform of ̂ (^12), (4.1), this becomes 

Vuu(e) = 2-y(VKT)-i £ P*(k") E ' Z ' Z *<?&>*W) [dj>N(q, - q | G | k r h l ' , k*-q', k ^ f i <p(pd- (5.10) 
k# q q' j<l J i=l 

As before, corresponding to the binary collision ex
pansion of G, (2.20), we obtain a series for 7juu(e): 

Vuu(e) = vuu0(e)+rjuu1(e)+7]uu2(e)-\ . (5.11) 

Because q, qVO, rjuu°(e) has no singularity at e=0+ . 
The term having a factor e-1 in rjuu1^) vanishes because 
it involves X)q/ P(—q', qO^Ol')- Thus the terms singu
lar in e appear only at higher powers in p, and we cannot 
expect TJUU to contribute to the first density correction 
to viscosity. Therefore we shall neglect this term. 

VI. FIRST DENSITY CORRECTION TO THE VISCOSITY 

Collecting together the results of the preceding sec
tions, (3.45), (3.46), (3.47), (4.16), (4.17), and (5.8), we 
obtain the following results for the shear viscosity: 

V = ri<®+M®, (6.1) 

where rj(0) is the Chapman-Enskog result given by 
(3.46) and pr)(1) is the first density correction, which is 
expressed as follows: 

V(1) = fdpixiPiYW^ipO^pd+rjct, (6.2) 
KT J 

where ct stands for collision transfer and r]ct is given by 
(5.8), or 

Vct=—— / dpxdp2(0^(r12)GoVT12\0)+ 
KT J J 

XW^(p1)x(Vi)<p(pi)<p(p2) (6.3) 

and the function W<*> (pi) = WKK(1) (pi)+WKu(pi) satis
fies the equation, 

£+(Vi)W^(p1)x(Vi)<p(pi) 
= -t^(v1)W^(p1)x(Vi)<p(pi)-^l(Vi), (6.4) 

where 

^ ( P I ) ^ I + ( P I ) X ( P I ) ^ I ) + fdp2(0\ VT12G0 

Xexp{-^(r1 2)/Zr}^(r1 2) |0)+ 

X<p(pi)<p(p2). (6.5) 

In the following, we shall compare our results with 
those of Choh and Uhlenbeck. For this purpose it is 
convenient to express our results in terms of resolvent 
operators. 

First, as we show in Appendix IV by straightforward 
algebra, /r(pi) can be transformed into 

*+r(pi) = - / dx2dx^12{Gz(123)G0~
1 

-G2(12)Go~1G2(13)GQ-l-G2(12)Go~1G2(23)Go-1 

+G2(12)G0~
1}+(l+(Pi2+(Pn)<p(p2)cp(pz), (6.6) 

where dxi=dpidti and G^(123) is the resolvent operator 
for the system in which only particles 1, 2, and 3 
interact with each other, namely, 

G8(123) = [€+iL8(123)]-1 (6.7) 

with 

Lz(123) = Lo+i(6n+d2z+dn). (6.8) 

Next, we consider (6.3). Use of (2.25) and the fact 
that 

\p(r12)dr12=0 
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Vct=—- Id 
KTJ 

transforms (6.3) into Because of the tensor property of ZK<T(ri2), it has the 

form 

^ ( r 1 2 ) Z ^ ( r 1 2 ) , (6.9) Z „ ( r ) = ( ^ - ^ . ^ ( r ) , (6.12) 

where z(r) is a function of r = | r | . From the definition of 

where Zxy(t 12) is the xy component of the traceless ' ' ' 
symmetric tensor function of the 2nd rank ZKa{ti2) *K*)= —rxryu'(r)/r, (6.13) 

y where uf(r) is the derivative of u(r) with respect to r. 
r r Thus, if we note that 

ZK„(r1 2)^ / dvidp2G2(12)Go~W^(p1) 
J J r l r *,v,z 

/ (rxr")2<Kl= — / £ rKr*(rKr*-3-18Ky)dQ, (6.14) 
XX„(pi)<p(pi)<p(pt), (K, er=*, j , 21) (6.10) ./ 10 J «.* 

W l t i l where the integral is over the directions of r, (6.9) 
XKa(p)= {pKp^—Z~xhK(fp

2)lm, (6.11) becomes 

1 p x,v,z r du(r12) 
Vct=-—zz: 2 I dti&u*——-ZKa(r12) 

K,<r J 10 KT K,C J drv 

1 p x^z f f f du(t12) rrf^^ _ J , 

12 K 

1 p *,»,* r r r du(ti2) rrf 2 
E M r i J /^PiJp2 LG.i^Go-^Z W^(pi)XKa(Vi)<p(p1)<P(p2). (6.15) 

10 £ T M i J J dr12
K 2 i=i 

Now we turn to (6.5). Using (3.24) for ^i(pi) and into (6.19) results in 
replacing T12GQ by —01262(12) according to (2.26), we 
g e t 9TC(pi) = / 0i2[lim cG2(pixriv+p2xr2v) 

r J <->°+ 
9TC(PI) = - 012G2+l{x(Vi)+x(V2)}Fo(t12) 

J Xexp{-u(r12)/KT} 

+^(r 1 2 ) exp{-u(r12)/KT}~] +G2+{x(Vi)+x(P2)}l<p(pi)<p(p2)dx2. (6.21) 

X<p(pd<p(P,)dx2. (6.16) Anally, by using 

By adding the expression tto(*i^+#»^) = x ( P i ) + x ( W (6.22) 

and (2.21) and by rearranging the terms, we transform 
f (6.21) to 
/ dx2e12(pixr1y+p2xr2

y) 

X*pi-uM/KT}vM<>W, (6.17) ^ ( ^ f e ^ G o - ^ p ^ + p ^ 

+ eG2(p1
xr1y+p2

xr2y)F0(r12)l+ 

X<p(pi)<p(p2)dx2. (6.23) 

Thus, the first density correction to the viscosity is 

(6.16) becomes after some rearrangement, o b t a i n e d f r o m ^ > ^ > ^ > (6-15)> a n d (6«23)' 

VII. COMPARISON WITH RESULTS OF 
CHOH AND UHLENBECK 

The first density correction to the viscosity has 

which is easily seen to vanish to (6.16), and noting that 

iL2{n){p1
xrly+p2xr2y)^x{Vi)Jrx{V2)+^{rl2), (6.18) 

9TC(pi) = - / el£(G2iL2~i)(pixr1y+p2
xr2y) 

X I— ( )/KT\ previously been calculated by Choh and Uhlenbeck 
^ ^ 12" ' from the generalized Boltzmann equation of Bogolyu-

-Gt{xbd+x(jh)}^v(pJv&)d*a. (6.19) b o v" 2 Their results for the first density correction to the 
viscosity rjw which corresponds to rj{1) of (6.1) can be 

Substitution of (2.23) in the form written ^ 

G r f L . - l ~ - . f t (6.20) ^ - / ^ ( P ^ W , W + ^ , (7.1) 

GrfL.-l~-.ft
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where follows: 

«.,---^- fdrJ[i*fa T — - S ( 1 2 ) «=l-iLG-l- fdte-HLS^, 
KTJ J J K,<T dr12

K 2 ^o 
XK<r(Vi) 

XjlW^(pi)—^<p(p1)<p(p2) (7.2) = 1 + / dte-«-S-t. 
*-i KT Jo at 

Therefore, 

l im€G=l+ / dt-S-t=S-«>. (7.9) 
€->0+ 

r00 d 
? = 1 + / dt-S-t=l 

Jo dt 

and Tl̂ (1) (^I) satisfies the equation 

£+(p1)^1>(^1)X(pi)^(^i) 

/• /• The equality in (7.9) is meant only in the weak sense; 
= — 2~10IX(PI)<PG>I)— / / ^r2^p2^i2§(12) that is, when the operators lim^o+eG and S-* act on a 

^ suitable function the results are the same. Next we 
s/1** {* v * v\ tjt\ fjt\ consider an operator of the type 
X {piy—p2y)<p{pi)<p{p2) 

2 GGo~l, (7.10) 

-/r(pi)TF(0)(pi)x(Vi)<p(pi), (7.3) w h e r e G Q i g g i v e n b y Q21^ w h e n t h i s o p e r a t o r operates 

where on a function of momenta only, (7.10) reduces to eG. In 
S(12)=lim«S'_ (2)(12)S (0) (7.4) general, at first one might argue that since (7.10) can 

^°° be written as eG- (eGo)-1, then 
with S-P (12) and St

(0) the streaming operators defined limGG0~
1 = B=\imS-t'St

i0). (7-H) 
Oy e-»0+ *-*» 

S-t
(2)(12) = e-itL^12), $tWE==eitL° (7.5) However, a closer investigation shows that this is not 

, always correct. As an example, we consider the operator 
G2G0-1 that occurs in (6.23). Deferring the details to 

a = I p (r ) fa n 5) Appendix V, the result is that, for a repulsive interaction 
J * ' with a finite range, 

Here f'(Pl) is Bogolyubov's triple collision operator ^G2Go~1(pixr^+p2
xr2y)<p(pi)cp(p2) 

defined by 

tr(Vi) = - I jdx2dxzd12f dtS-tW(12){(en+e2d)§>(123) 
= S(12) (pixr^+p2

xr2
v)<pipi)<p(p2) 

/•oo 

Jo -S(12)[0i3S(13)+023S(23)]} 

X(l+<Pid-<Pu)«>(fc)*>fo), (7.7) X{x(Pi)+x(p2)} *>fo)*(fr). (7.12) 

where 8(123) is the analog of S(12) for the three par- ™ u s ' io\ r ePu l s i v e
+ ! f T ^ f f

W i t h a ^ r a n g e2 
f 1 1 2 H 3 taking into account the fact that the second term of 

1CTnS order^o mmnare these results with ours it is ( 6 * 2 3 ^ v a n i s h e s > s i n c e \*u\ i n *o(ri2) goes to infinity ±11 oruLci to compare inese results witn ours, it is , ^ nx , . 
necessary to clarify the relation between the resolvent \ - )-> 
operators and the streaming operators. Sfft(pi) = 9ft(pi)+ATO(pi), (7.13) 

First we consider an operator of the following type, where 
where G is the resolvent operator of the system with an 
arbitrary interaction ^ ( p i ) s f 6u$ (12) (p1^+p2^r 2y)<P(p1)<P (p2)dx2 (7.14) 

eG=e dte-t'S-t, S-t^e-itL, (7.8) a n d 

0
 AWI(VI)^ fdx2e12 f dt(s„tv-S-j») 

where L is the Liouville operator associated with G. ° 
When this operator acts on an arbitrary function the X{x(pi)+x(P2)}<p(Pi)<p(p2)- (7-15) 
contribution to the time integral from a finite time 
vanishes in the limit e —> 0+ , and a contribution arises Equation (7.14) appears also in the theory of Choh and 
only from the infinite past. This can be seen formally as Uhlenbeck and can be transformed in the same manner 
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as they do. If we rewrite (7.14) as 

C {pix+p2x){rlv-\-r2
y) 

9TC(pi)= d12§>(12) 

X<p(pi)<p(p2)dx2+ I 0i2&(12) 

(pix-p2x)rny 

X- <p(pi)<p(p2)dx2; (7.16) 

the first term can be simplified by utilizing the fact that 
S(12) does not affect the center-of-mass motion, and 
becomes 

/ • 

(pix+p2x)(riy+r2y) 
d12 S - ^ > ( 1 2 M ^ ) ^ 2 ) < / x 2 (7.17) 

since S(12) reduces to S-J® (12) when applied to a 
function of momenta only. Equation (7.17) can be 
reduced further by noting that the only contribution to 
the integral comes from configurations in which the 
particles are close together; thus S~J®(12) brings the 
two particles far apart from each other in the infinite 
past and the kinetic energy in the infinite past must be 
equal to the total energy at the time zero. In other 
words, 

S-J*><p(pi)<p(p2) = exp{-u(t12)/KT}tp{pi)*{p*). (7.18) 

Thus, (7.17) becomes 

/ / • 
6uexp{-u(rl2)/KT) 

{pix+pzx){nv+r2v) 
X - <p(pi)<p(p2)dx2 (7.19) 

which reduces after integration by parts to16 

2-1 /3ix(PiM£i), (7-20) 

where ft is given by (7.6). Therefore, 9TC(pi) becomes 

9Tl(p1) = 2-1ftx(pi)^(^i) 

+ / 6n§,(12)(pi*-p2*) 

ri2y 

X <p(pi)<p(p2)dx2. (7.21) 
2 

XK+K<p(pl)<p(h)dx2 

= ft fM+hl(piV_p2y)<p(pi)<p(piddp2^x(vi)!(,(pil 
m J l £ 

We are now in a position to make a detailed compari
son between our result and that of Choh and Uhlenbeck. 
First, we note that G2G0-1 in (6.15) and S(12) in (7.2) 
operate on a function of momenta only and also that 
there is a short-range factor du(tu)/dru in the inte
grand. Thus S(12) reduces to S~J® as does lim^o+G^GfT1. 
Therefore, the collision transfer terms rjct and rjct be
come identical. 

Next, turning to the equations (6.4) and (7.3) 
satisfied by W^(px) and W{1)(pi), Eqs. (7.3), (7.13), 
(7.15), and (7.21) tell us that apart from the forms of 
the triple collision operators t+

r and tr, the two theories 
differ by the operator represented by A3TC(pi), (7.15). 

Finally, the forms of the triple collision operators 
/+

r(6.6), and ir, (7.7), have been investigated by using 
the relation between the resolvent operators and the 
streaming operators discussed before. Particular care 
has been taken in the limiting process e—>0+, and a 
finite difference between the two forms has been found. 
Referring the details of the calculation to another 
publication,17 we simply quote the result 

Ar(pi) = * / ( p i W ' ( p i ) 

= - f fdx2dx,612 I £S^ (12) - S _ J » ( 1 2 ) ] * 

x ( r 1 3 + r 2 3 ) + ( i + ( P i 2 + ( P i 3 ) ^ ^ 2 ) ^ ^ 3 ) . (7.22) 

We now consider the effect of this operator on 
Wi0)(pi)x{Pi)<p{pi). We note that because of the 
Boltzmann property of the operator 7\y(0|0) [see 
eg. , (3.25)], 

VTi,(0\0)<p(j>t)<p(pj)-+0 as € - > 0 + . (7.23) 

Then we obtain, after a slight rearrangement of terms, 

Al*(pi)W«»(pdx(Vi)v(pd 

•• — I dx29ii I (ft[5_,®(12)-5^,<»(12)] 

X (l+(Pi2)£+(Pi)W™(^)x(Pi) n <Pipi) • (7.24) 

Use of (3.41) finally yields 

Atr(Vi)W^(pdx(Vi)<p(pi) 

= — / dx2e121 *[5_^2)(12)-5_00<2)(12)] 

X [ x ( p i ) + x ( P i ) > ( £ i ) ^ 2 ) . (7.25) 

17 P. Resibois, Phys. Letters 9, 139 (1964); K. Kawasaki and I. 
Oppenheim, Phys. Letters 11, 124 (1964). 
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Comparing this result with the other difference be
tween our theory and that of Choh and Uhlenbeck, 
A9TC(pi) given by (7.15), we find that 

A9TC(pO+A*'(pi)W™ (^i)x(Pi) <p(pi) = 0. (7.26) 

From (6.4) we conclude that TF(1)(^i) = W>(1)(^i). 
Therefore, our result for the first density correction to 
the viscosity completely agrees with that of Choh and 
Uhlenbeck for repulsive forces, namely, 

^(D = 7 ? ( i ) . 

VIII. CONCLUDING REMARKS 

(7.27) 

The correlation function expression for shear viscosity 
for dense gases has been treated by making use of binary 
collision expansion techniques and the first density 
correction to the viscosity has been obtained. Results 
are contained in (6.1), (6.2), (6.4), (6.6), (6.15), and 
(6.23). These results may be valid for attractive 
intermolecular forces in the absence of bound states as 
well as for repulsive forces. 

For repulsive interactions with a finite range, (6.23) 
reduces to (7.13), (7.14), and (7.15). In this particular 
case, our result has been compared with that obtained 
from the generalized Boltzmann equation by Choh and 
Uhlenbeck (7.1), (7.2), and (7.3). Differences have been 
found in the form of the triple collision operator and in 
the term arising from spatial inhomogeneity in the 
Boltzmann binary collision operator. These differences 
are given by (7.22) and (7.15), respectively. However, 
these differences exactly cancel in the equation de
termining Wa)(pi). Thus for repulsive interactions of 
finite range, the correlation function expression for the 
first density correction to the shear viscosity is identical 
to that of Choh and Uhlenbeck which is based on 
Bogolyubov's kinetic equation. 

In the analysis of the present paper, we have re
stricted ourselves to the case of repulsive intermolecular 
forces of finite range. However, the correlation function 
method itself does not suffer from such a restriction. 
Thus, we intend to extend our analysis to systems with 
attractive intermolecular forces. 
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APPENDIX I 

Here, we shall show that the Rx and R2 terms in (3.42) 
cancel each other. Substitution of (3.23), (3.24), and 

(3.28) into (3.37) results in 

R - f fdp2dpdVT12(0\0)(0\lVTnGoFo(rn)(P12 

+ VTnGoF0(r2Z)l 10)<p(p2)<p(pd). (II) 

On the other hand, using (3.8), (3.23), (3.27), and 
(3.36), we obtain 

Ri = - f fdp2dpdVT12(0\0) 

X (0| [Fr13(Pi2+Fr23]Go| 0)cp(p2)cp(p3). (12) 

Addition of (II) and (12) yields 

Ri+R2= - f fdp2dpzVT12(0\0)(0|LVTnGo 

Xexp{-u(tn)/KT}(?12+VT2ZGo 

Xexp{-u(TiZ)/KT}l\Q)v(p2)<p(p>). (13) 

Thus, (Ri+R2)W(0)(pi)x(pi)(p(pi) involves expres
sions of the form, 

(01 VT1ZG0 exp{-u(tu)/KT} \ 0)(p(p1)<p(p8) (14) 

and 

(01 VT2*Go exv{-u(r,s)/KT} |0)cp(p2)<p(p,). (15) 

Since these expressions have the same structure, we 
consider only the first one of them in detail. (14) can be 
expressed as 

- / drlddnG2(13) exp{-u(rn)/KT}<p(p1)<p(p3), (16) 

where we have used (2.26). Because £2(13) applied to 
(pi2+pd2)/2m+u(iu) vanishes, (16) reduces to 

-c-l\dvu6n exp{-u(rlz)/KT}<p(pi)<p(j>*). (17) 

Using the definition of 0a, (2.11), (17) is further reduced 
to 

f dF0(rn) ( d d \ 
e-iKT dm A<p(pi)<pipt). (18) 

J dt\z \#Pi dp3' 

Equation (18) vanishes. Thus (14) and, by a similar 
argument, (15) vanishes and 

(Ri+R2)W^{p1)x(Vi)<p{pi) = ̂  (19) 

for finite <• as well as in the limit as e —»Q+, 
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APPENDIX II. DERIVATION OF (4.11) 

Here we shall derive the expression given in (4.11) for rjKu2(e). Use of the binary collision expansion formula 
(2.20) for G in (4.3) yields 

rlKU*(e) = e-y(KT)-i £ E P*(k*)*(q) /x(Pi){(0 |E ' TaG0T,Golk.-q, k2+q, k^ 2 ) 
k" J a, (3 

+UN-2)(0\Z'TaGoTeG0\kl! k 2 -q , k3+q, k « ) } fi ^;)<*P.-. (HI) 

We shall restrict the summations over a and /? to such pairs which are composed only of particles 1, 2, or 3, because 
those terms involving more than three particles contribute to higher powers in p (at least p4). Furthermore, the 
pair a must involve particle 1. Thus, (III) becomes 

rjKU^e) = e~y(KT)^ £ P*(ki,k2,k8)E *(q) /" x(pi)(#-2) 
klk2k3 q 7 

x{(o|[r12G0(7,
13+r28)Go+r13Go(r12+r23)Go]|k1-q, k2+q, k3) 

+2-1(0\ZTMTu+Tu)G0+Tup0(Tu+Tn)Gd\k1, k2-q, k3+q)} £[ <p(Pi)dVi. (112) 

For our purpose it is only necessary to extract terms having a factor of at least e~2 from (112) [see (4.14) and 
(4.15)]. The terms having a factor e~3 must have either ki=q, k2— — q and k3=Q or ki = 0, k2=q and k3=—q. 
Both of these involve a factor Xq P*(M, —q)^(<l) and vanish by symmetry. For the same reason, the only non-
vanishing terms having a factor of e~2 are those for which the Go between the T operators yields a power of e-1. 
Thus we obtain 

^ 2 ( e ) = e - V ( ^ ) - i i : E ' ^ ( q ) ( i V - 2 ) / ' x ( p i ) { P * ( k ) - q , q - k ) r 1 2 ( 0 | 0 ) r 1 3 ( 0 | k - q , 0 , q - k ) 
k q J 

Xg(k-q, 0, q-k)+P*(q, - k , -q+k)r1 2(0|0)P2 3(0|0, - k + q , +k-q)g(0, - k + q , + k - q ) 

+P*(k, -k)P1 3(0|0)P1 2(0|k-q, q -k)g(k-q , q -k , 0)+P*(q, - k , -q+k)r 1 3 (0 |0) 

XP23(0| - k + q , +k-q)g(0, - k + q , +k -q )+2~ 1 P*( -k , q, +k-q)T1 2(0|0) 

XPi 3 (0 | -k , +k)g ( -k , 0, +k)+2-!p*(k, -k) r 1 2 (0 |0) r 2 3 (0 |k-q , q-k)*(0, k - q , q - k ) 

+2-1P*(k, q -k , - q ) r « ( 0 | 0 ) r u ( 0 | k , -k)g(k, - k , 0) 

+2-ip*(k, -k)P l s (0 |0) r 2 3 (0 |k-q , q-k)g(0, k - q , q-k)} f l vipMPi. (113) 

If we use (3.19) and (4.7), and note that the terms for which g= e_1 vanish, we see that only the third, sixth, and 
eighth terms give finite contributions, other terms being of the order of \/N. Thus if we interchange the particle 
indices 2 and 3 in the sixth term and use the symmetry properties of the functions ^(q) and /(2) (k), (113) reduces to 
(4.11) of the text. 

APPENDIX III. DERIVATION OF (5.6) 

VuK2(e) can be written explicitly from (5.1) as 

VuKKe) = l?{KT)-i £ / E P * ( k ^ ( q ) fdp»g(q, -q)(q, - q | E ' TaG0T,|k*)g(k") 
q k# J a,/3 

X[l+2-1(^-2)(P13]x(p1) ft *&)*&. ( n i l ) 

We again restrict the summations over particle pairs to those pairs involving only particles 1, 2, and 3. To obtain 
the terms with a factor e~~2, it is necessary that kN=0 and Go between Ta and Tp must be equal to e_1. This situation 
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limits a to be the 1, 2 pair because q^O. Thus, taking into account the identity of particles, (III1) becomes 

W W ^ - y C T ^ L ' i K q ) /g(q, -q ) r« (q , -q|0)FCr13(0|0)+r23(0|0)](l+2-1(P13)x(Pi) ft <p(Pi)dVi. (III2) 
q J i=l 

If we note that in the term involving (Pi3, particles 1 and 2 are equivalent, and use the property6 

VT2Z(0\0)<p(p2)<p(pz)dp2dps^0 as e->0 

[see also (3.23) and (3.25)], (III2) reduces, for €—^0 to 

VuK2(e) = e-V(KT)-iT,'H<L) I g{% - q ) r« (q , -q|0)Fr13(0|0)(l+(P13)x(Pi) ft v(pi)dpi (HI3) 
q J i=l 

which is identical to (5.6) of the text. 

APPENDIX IV. DERIVATION OF (6.6) 
Consider the operator 

C3( l )=- J J dt2dxzr{\23) , (IV1) 

where r(123) is given by (3.31). If we note that an expression of the form (3.15) gives no contribution to C3(l) we 
need consider only those terms in which Ta, at the extreme left of each term in r (123), involves particle 1. Further, 
noting that particles 2 and 3 are equivalent in (IVI), we may write 

C3(l)= f fdt2dtzT12G0{ £ ' TaGQTp } (IV2) 

= f ( dr2drz{T12[l-G, E Ta+G0 E £ ' TJS*Tf> ] - r 1 2 [ l ~ G 0 r 1 3 - G 0 r 2 3 ] } . (IV3) 

Here and in the following, summations are over pairs composed of particles 1, 2, and 3. 
Use of the binary collision expansion formula for G3 yields 

G3(123)G0-
1= 1 - E G0Ta+ £ ' G,TaG,Tp . (IV4) 

Here we divide the terms into those for which a= 12 and those for which a =^12. Namely, 

Gz(123)Go-1=l-GQ E Ta+GQ E E ' TaG0Tfi G 0 r 1 2 [ l - E G0Ta+- • -] 

= [1-Gor 1 2 ] [ l -Go E Ta+Go E T/TJhTf ] . (IVS) 
a^l2 a^l2 0 

If we use (2.22), we obtain from (IV5) 

d12G^12S)Go-1=-T1£l-Go E Ta+G0 E E ' TaG0Tp ] , (IV6) 
a^l2 a^l2 0 

which is identical to the first term in the curly bracket of (IV3). The second term in the same curly bracket can be 
easily transformed by using (2.26) for T\2 and (2.25) for 7\3 and T23. Then we find that 

C,(l) = - J \ di2dxzd12{GzG^-G2{l2)G^G2(^^ (IV7) 

from which we immediately obtain (6.6) in the limit as e—> 0+ . 
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APPENDIX V. DERIVATION OF (7.12) 

Using 

the function 

becomes 

iLo(pixr1y+p2-r2y) = x(Vi)+x(V2), (VI) 

D=G2(12)Go-l(p1
xr1y+p2xr2y)cp(pi)<p(p2) (V2) 

D= I ^ - c ^ _ ^ ( 1 2 ) { € ( ^ r ^ + ^ 2 ^ 2 ^ ) + x ( P i ) + x ( P 2 ) } ^ ( ^ i ) ^ ( ^ 2 ) , (V3) 
/»QO 

)= / dte~* 
Jo 

where we have used (2.21) and (7.8). 
The expression D occurs in (6.23) and is multiplied on the left by 0i2. Therefore, contributions to the integral in 

(6.23) arise only when the particles are interacting at time 0. Thus we may confine our considerations to those 
configurations in which the particles are interacting at time 0. 

For a repulsive interaction with a finite range, for any initial momenta and for an initial configuration in which 
the particles are interacting, there exists a finite time TO such that for f£ TO there is no interaction. Thus, if we divide 
the range of integration in (V3) into O^t^ r0 and OO>/>TO, we obtain 

pro 

Jo 

+ f ^ - ' ^ _ T 0 ^ ( 1 2 ) [ e { ^ 1 ^ ^ + ^ 2 ^ 2 " - ( / - T o ) C x ( P i ) + x ( p 2 ) ] } + x ( p i ) + x ( P 2 ) ] ^ ( ^ i ) ^ ( ^ ) (V4) 

since for t^ TO the particles follow free motion. 
We now change the range of the second integral to 0^t< oo and subtract the difference from the first integral. 

Then, throwing away the terms which vanish at e = 0 + for a finite T0, we find 

/•TO 

D= / dte-<t(S-tV-S-r™){x(Pi)+x(V2)}<p(pi)<p(p2) 
Jo 

/.OO 

+ / ^ - e t f _ T 0 < 2 > { e ( ^ ^ (VS) 
Jo 

After integrating the second term over /, we take the limit e—•> 0 + , and obtain 

/

TO 

^ ( 5 _ / 2 ) - 5 _ r o ^ ) { x ( P i ) + x ( p 2 ) } ^ ( ^ i ) ^ ( ^ ) 

+^-TO
(2){^ix(r1^+T0w-Vi2/)+i>2a;(/'22/+roW-1^2^} cpipt) <p(p2). (V6) 

The second term in (V6) can also be expressed as 

S^T0^ST0^(p1-r1y+p2xr2y)cp(p1)<p(p2). (V7) 

Since, for t^r0, there is no interaction, we can replace S-T0
(2)STQ

(0) in (V7) by S(12) defined by (7.4). 
Furthermore, the range of the first integral can be extended to oo and we can replace S-T0

(2) by S-^, since for 
t^ TO, 5_f(2) = 5'_T0

(2) = 5_oo
(2) when operating on functions of momenta only. Thus, finally, we find that 

D= [ dt(S-tW-S-^){x(Vi)+x(V2)}<p(pi)<P^ (V8) 
Jo 


